We study the length of the limit cycles of discrete monotone functions with symmetric connection graph. We construct a family of monotone functions such that the limit cycles are of maximum possible length, which is exponential in the number of variables. Furthermore, we prove for the class of monotone functions with more than two states and connection graph equal to a caterpillar that the length of the limit cycles is at most two. Finally, we give some exclusion results in arbitrary trees.
Introduction and deÿnitions
The discrete networks have been extensively used to model biological systems as the gene regulatory systems [5] . In this context, it is generally of a great interest and relevance to know the possible limit cycles for di erent classes of networks [1, 6] .
In this paper, we study the limit cycles of networks with monotone discrete updating functions and symmetric connection graph. This class of networks has been studied in [7, 8] where the two-cycle behavior, in the boolean case, was proved for trees. Other studies about the limit cycles in discrete networks with symmetric connection graph have been made for the class of threshold discrete networks [3, 4] .
First we give some deÿnitions. Let F = (f 1 ; : : : ; f n ) : {0; : : : ; m − 1} n −→ {0; : : : ; m − 1} n denote a function of n variables and m states. If m = 2, then F is said boolean function.
Given two vectors x; y ∈ {0; : : : ; m−1} n , we say that x6y if x i 6y i for every 16i6n. And x¡y if x6y and there exists i ∈ {1; : : : ; n} such that x i ¡y i . In the case where there are i; j ∈ {1; : : : ; n} such that x i ¡y j and x j ¿y i , we say that x; y are noncomparable vectors.
A function F is said to be monotone if for every pair of vectors x6y, F(x)6F(y).
In this paper we study the dynamical behavior of F parallelly iterated, that is, given a initial vector x(0) ∈ {0; : : : ; m − 1} n we study the trajectories (x(t)) t∈N where x(t + 1) = F(x(t)) ⇐⇒ x i (t + 1) = f i (x(t)); 16i6n:
Given a monotone function F, we call a sequence of vectors in {0; : : : ; m − 1} n [x 0 ; x 1 ; : : : ; x p−1 ; x 0 ]; p¿0 limit cycle of F of length p, if x j+1 = F(x j ) for all j = 0; : : : ; p − 2 and x 0 = F(x p−1 ). Observe that the vectors x 0 ; x 1 ; : : : ; x p−1 are noncomparable, that is every pair i = j; x i ; x j are noncomparable vectors (if not, they would be equal, which is contradictory with p¿0).
The connection graph of F, denoted by G C (F) = (V C ; E C ), is a directed graph where V C = {v 1 ; : : : ; v n } is the set of nodes or vertices and an arc (v i ; v j ) is in E C if and only if the function f j depends on the variable x i . We are interested in symmetric connection graphs, that is to say, if the arc (v i ; v j ) is in E C , then (v j ; v i ) is also in E C .
Given a connection graph G C (F), we say that two vertices v i ; v j are adjacent or neighbor if either (v i ; v j ) or (v j ; v i ) is an arc of G C (F). By (v i ) we denote the set of vertices adjacent to v i . We say that a sequence of distinct vertices, except eventually the ÿrst and the last vertex, {v i0 ; v i1 ; : : : ; v i k } is a chain of G of length k, joining the nodes v i0 and v i k , if k¿0 and (v i0 ; v i1 ); (v i1 ; v i2 ); : : : ; (v i k−1 ; v i k ) are arcs of G C (F). The vertices v i0 and v i k are called extreme vertices of the chain. If the extreme vertices in a chain are the same, then we say that the chain is a circuit. The distance between two vertices v i and v j , denoted by d(v i ; v j ) is deÿned to be the minimum length of all chains joining them.
A directed graph is connected if for every pair of vertices there is a chain in the graph joining them. In this paper, we assume that G C (F) is always a symmetric connected graph, so for all node i ∈ V C (i) = ∅, which means that all f i 's are not constant functions.
Results
There are classes of monotone functions with symmetric connection graph, such that the maximum length of the limit cycles is at most two, independently of the number of states of the function and the circuits in the connection graph, for example the majority functions (see [3, 8] ). However, we will see that in general the structure of the connection graph and the number of states of a monotone function determine the maximum length of the limit cycles.
Since the vectors belonging to a limit cycle of a monotone function are noncomparable, its length is bounded by the maximum number of possible noncomparable vectors, which is exponential in the number of variables of the function. In the boolean case, it is equal to C n=2 n (Sperner's theorem [2] ). An example of monotone functions with symmetric connection graph having a limit cycle of maximum length, is the class of functions established in the following proposition. 
and
Then, F is a monotone function with G C (F) symmetric and the sequence of vectors [x 0 ; x 1 ; : : : ; x p−1 ; x 0 ] is a limit cycle of F of length p equal to the maximum possible length.
Proof. First, notice that for all y i ∈ S c either there exists x ∈ S such that x¡y i or there exists x ∈ S, x ¿y i but not both. Indeed, since S is a noncomparable vectors set of maximum cardinality, for all y i ∈ S c there exists x ∈ S such that either x¡y or x¿y. On the other hand, if there exist x; x ∈ S such that x¡y i ¡x , then x¡x which is a contradiction.
Let us now prove that F is a monotone function, that is, for all u; v ∈ {0; : : : ; m − 1} n ; u6v implies F(u)6F(v). If u ∈ S and v ∈ S c , then F(v) k = m − 1, for all k = 1; : : : ; n, so F(u)6F(v). In the case u ∈ S c and v ∈ S, F(u) k = 0, for all k = 1; : : : ; n, hence F(u)6F(v). Finally, if u; v ∈ S c , then there exists x ∈ S such that either x¡u6v or u6v¡x or u¡x¡v, in both two ÿrst cases F(u) = F(v) and in the last case F(u) k = 0¡m − 1 = F(v) k for all k = 1; : : : ; n, hence F(u)6F(v). Therefore, F is a monotone function.
On the other hand, ∀i = 1; : : : ; n; f i depends on all variables, hence G C (F) is a complete graph and therefore symmetric.
By deÿnition of F, the sequence [x 0 ; x 1 ; : : : ; x m−1 ; x 0 ] is a limit cycle of F of maximum length. is a limit cycle of F of length 3.
For the class of monotone functions described in the previous proposition the connection graphs have circuits of all possible lengths. Let us now study the dynamical behavior of monotone functions with connection graph where the circuits have only length equal to two.
Here, as later, we say that a symmetric connected directed graph is a tree if the circuits in the graph have length two. Let F : {0; 1} n → {0; 1} n be a monotone boolean function, such that the connection graph of F is a tree. In [7] Robert and Tchuente proved that the limit cycles of F have length at most two. It is not possible to apply the argument used directly to case of monotone functions with more than two states. So, we study monotone functions with m¿2 states and connection graph belonging to the family of trees.
We call a graph G = (V; E) a caterpillar if there exists a chain C(G) subgraph of G such that if v i is a vertex not in C(G) then v i has a unique vertex adjacent and it belongs to the chain C(G). The nodes satisfying this property are called pending vertices. Hence, a caterpillar is then a tree obtained from a chain by adding pending vertices (see Fig. 1 ).
The following property is an extension of a known property of the monotone functions (see [7] ) very useful for the next results.
Next, for all limit cycles [x 0 ; x 1 ; : : : ; x p−1 ; x 0 ]; p¿2 of a monotone function F and
for every i = 1; : : : ; n. Moreover, we denote by N the set of natural numbers including the zero. Proof. Let us prove the assertion by induction on k. For k = 0 the assertion is true. Suppose that the assertion holds for values less than k + 1. Theorem 1. Let F be a monotone function with m¿2 states such that the connection graph G C (F) is a caterpillar, then the limit cycles of F have length at most two.
Proof. Given
Proof. Fix a decomposition of G C (F) = (V C ; E C ) given by a chain C(G) and a set of pending nodes and let v * be a ÿxed extreme node of C(G). Let us suppose that [x 0 ; x 1 ; : : : ; x p−1 ; x 0 ]; p¿2 is a limit cycle of F of length greater than two. We construct two sequences of nodes satisfying opposite properties, and we proof that these sequences have an intersection point which is not possible, thus we shall obtain a contradiction. • i k ∈ {1; : : : ; n} for all k ∈ N, m , which is a contradiction. For this, we will prove by induction the following inequalities.
We start by proving In the case p odd, we replace p by 2p in the proof and the same conclusion can be drawn.
A diagram of the theorem's proof for the chain in the case p even is shown in Fig. 2 .
A direct consequence of previous theorem is that for the class of monotone no boolean functions with connection graph equal to a chain or a star the limit cycles are of length at most two (see Fig. 3 ).
The following property is inherent to the trees and it will be useful to prove another result about the length of the limit cycles of monotone functions with connection graph equal to a tree. Property 2. Let G = (V; E) be a tree and let V ∞ = (v i k ) k∈N a sequence of nodes of V such that v i k ∈ (v i k−1 ) for every i ∈ N. Then, there exist q; r ∈ N such that v iq = v iq+2 and v ir = v ir+4 . Proof. First, since the set of nodes is ÿnite and G is a tree, there exist p; q ∈ N such that v ip = v ip+q , and in all cases q is even. On the other hand, if q is the minimum r ∈ N such that v ip = v ip+r , then it is easy to see that as G is a tree, v ip+1 = v ip+q−1 . Now, let us suppose that min{s ∈ N : ∃p ∈ N v ip = v ip+s }¿2. In this case, v ip+1 = v ip+s−1 which is a contradiction, hence there exists p ∈ N such that v ip = v ip+2 . Let us observe that the cardinality of the set {v ip ∈ V : v ip = v ip+2 ; p ∈ N} is ÿnite, hence there exist p; r ∈ N such that v ip = v ip+2 = v ip+r = v ip+r+2 , so there exists s¿2 such that
In both cases, there exists q ∈ N such that v iq = v iq+4 which is a contradiction. So s = 4. which is a contradiction. Analogously, if p = 8, then there exists r ∈ N such that v ir = v ir+4 , which draws a similar conclusion.
Conclusion
The maximum possible length of the limit cycles of a monotone function with two or more states, which is exponential in the number of variables, is reached for functions with symmetric connection graph having circuits of length di erent from two. In the case that the connection graph has only circuits of length two (tree), it is known that for boolean functions the maximum length of the limit cycles is two [7] . This result is also valid for functions with more than two states with connection graph equal to a particular class of trees named caterpillar. And for arbitrary trees we have proved that the length of limit cycles is di erent from four and eight. Hence, we conjecture that the maximum length of the limit cycles of a monotone function with more than two states and symmetric connection graph equal to arbitrary tree is at most two.
